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g(z) = �(z) =
1

1 + e�z

Single neuron/node = linear regression

x ∈ ℝd

d=3
θ ≡ w

# non-linearity
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x0 = 1bias'units' a(2)0

Slide'by'Andrew'Ng'

a(3)
1

# 4 inputs, 3 outputs

θ ∈ ℝd

θ(2)
0

# each a is the result of applying 
an activation function, e.g. 

a(2) = σ(θ(1)x)
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 ai
(j) = “ac1va1on”'of'unit'i''in'layer'j 

Θ(j) = weight'matrix'stores'parameters'
from'layer'j to'layer'j +'1 

If'network'has'sj'units'in'layer'j and(sj+1 units'in'layer'j+1,'
then'Θ(j) has'dimension'sj+1 × (sj+1)'''''''''''''''''''''''''''''''.'
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h✓(x) =
1

1 + e�✓Tx

⇥(1) ⇥(2)

# This is row-vector-of-weights convention, 
where each row vector is one neuron. 
Could also do column-vector-of-weights 

Θ(1) ∈ ℝ4×3 a( j+1) = g(Θ( j)T x)



Multi-layer Neural Network - Binary Classification

a(1) = x
…

…

5

a(2) = g(⇥(1)a(1))

a(l+1) = g(⇥(l)a(l))

by = g(⇥(L)a(L))
L(y, ̂y ) = y log( ̂y ) + (1 − y)log(1 − ̂y )

g(z) = σ(z) =
1

1 + e−z

Binary 
Logistic 
Regression

# g = activation function

# Internal part of NN learns its own features, 
enables non-linear boundaries



Multi-layer Neural Network - Activation functions

a(1) = x
…

…

5

a(2) = g(⇥(1)a(1))

a(l+1) = g(⇥(l)a(l))
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g(z) = max{0, z}

<latexit sha1_base64="GbYcSikfDJ++4O60Gh3GZlo8Wuk="></latexit>

by = �(⇥(L)a(L))

Activation functions for nodes at intermediate layers include sigmoid, tanh, softplus, ReLU…

ReLU (Rectified Linear Unit) is 
most common:



A history of optimizing NNs has learned ReLU > 
sigmoid as an activation function… but why?

5

Sigmoid ReLU

GRADIENTS

# gradient 
saturates easily

# good gradients 
forever
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Multi-class 
Logistic 
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# LLMs!



Multi-class classification: Softmax + Binary Cross-
Entropy

Recall: softmax function

𝑃(𝑦 = 𝑐𝑗 𝑥) =
𝑒𝑤⊤

𝑗 𝑥

∑𝑗′￼𝑒
𝑤⊤

𝑗′￼𝑥

Network’s final output layer is a 
softmax layer, applies softmax 
activation function Ground truth 

label

Compare predicted values to 
ground truth using binary 
cross-entropy

# sum to 1, 0 <= y <= 1 

ŷ y



Multi-layer Neural Network - Regression

a(1) = x
…

…

5

Regression: apply squared error loss to output

by = ⇥(L)a(L)
L(y, by) = (y � by)2
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a(2) = g(⇥(1)a(1))
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a(l+1) = g(⇥(l)a(l))

# MSE



Neural Networks are arbitrary function approximators

Cybenko, Hornik (theorem reproduced from CIML, Ch. 10)

# 1989

Proof sketch: 
• Show how you can use 4 

neurons to construct a pulse 
function 

• Put together many many of 
these to approximate any 
function



How to construct a pulse with 4 ReLUs

Recall:  
g(x) = max(0,x) 
a(x) = g(mx + b)

# ReLU
# θ = <m, b>

# θ enables inverting and flipping 
the ReLU function, and arbitrarily 
scaling height and slope

# Getting it to step back down 
takes another two

# Now scale it so they’re really squished 
together, and you get a beautiful pulse

# Combine two ReLUs to get a function stepping up



Universal Approximation Theorem

Caveats: 
• How many neurons would it take to approximate some 

function?  
• We don’t know 

• Pulses might not be what the network learns in practice 
• This can work in theory… pending how well we can 

optimize it
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Training Neural 
Networks 
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a(1) = x
z(2) = Θ(1)a(1)

a(2) = g (z(2))

z(l+1) = Θ(l)a(l)

a(l+1) = g (z(l+1))

…
…

L(y, ̂y ) = y log( ̂y ) + (1 − y)log(1 − ̂y )

5

g(z) =
1

1 + e−z

⇥(l)  ⇥(l) � ⌘r⇥(l)L(y, by)
8l

Gradient Descent:

by = g(⇥(L)a(L))

# learning rate # vector of partial derivatives 
for all network parameters



5

x ŷ

Forward and backward pass

Forward pass: input → output. compute all activation functions

Backward pass: gradients ← loss. Backpropagate gradients 
from loss to update parameters

L(y, ̂y )⇥(l)  ⇥(l) � ⌘r⇥(l)L(y, by)



⇥(l)  ⇥(l) � ⌘r⇥(l)L(y, by) 8l

Seems simple enough, why are packages like PyTorch, Jax, Tensorflow, 
Theano, Cafe, MxNet synonymous with deep learning?

1. Automatic differentiation 

Gradient Descent:

# Applies back propagation via the chain rule 
• For every function you use in the language (e.g. 

torch.relu), knows how to take the derivative and how 
to compose via the chain rule 

• Does bookkeeping to save redundant calculations for 
efficiency



⇥(l)  ⇥(l) � ⌘r⇥(l)L(y, by) 8l

Seems simple enough, why are packages like PyTorch, Tensorflow, 
Theano, Cafe, MxNet synonymous with deep learning?

1. Automatic differentiation 

2. Convenient libraries 

Gradient Descent:



Gradient Descent:
⇥(l)  ⇥(l) � ⌘r⇥(l)L(y, by) 8l

Seems simple enough, why are packages like PyTorch, Tensorflow, 
Theano, Cafe, MxNet synonymous with deep learning?

1. Automatic differentiation 

2. Convenient libraries 

Gradient Descent:



⇥(l)  ⇥(l) � ⌘r⇥(l)L(y, by) 8l

Seems simple enough, why are packages like PyTorch, Tensorflow, 
Theano, Cafe, MxNet synonymous with deep learning?

1. Automatic differentiation 

2. Convenient libraries 

3. GPU support 

Gradient Descent:



Common training issues

Neural networks are non-convex

- Optimization is hard 
- Local minima can be a problem 
- Rich history of work on getting these things to train effectively

# loss landscape

loss

θ1

θ2



Common training issues

Neural networks are non-convex
- For large networks, gradients can blow up or go to zero. 
This can be helped by gradient clipping, batchnorm, ResNet 
architecture… many tricks 

- Hyperparameters like Stepsize, batchsize, momentum all have 
large impact on optimizing the training error and generalization 

- Fancier alternatives to SGD (Adagrad, Adam, LAMB, etc.) can 
significantly improve training 

-Overfitting is common and not undesirable: typical to achieve 100% 
training accuracy even if test accuracy is just 80% 

- Overparameterization: Making the network bigger may make 
training faster and it might generalize better!

# explode # vanish



So how will I know if I succeed?

Each training step is a forward & backward pass of 
gradient descent

Stop here!



Training is too slow: 
- Use larger learning rate, develop step size reduction schedule 
- Use GPU resources  
- Change batch size 
- Use momentum and more exotic optimizers (e.g., Adam) 
- Apply batch normalization 
- Make network larger or smaller (# layers, # filters per layer, etc.) 

Test accuracy is low 
- Try modifying all of the above, plus changing other 

hyperparameters 
- Consider data augmentation strategies, dropout 

Common training issues

# May also need to do performance optimization. Did 
you use a for loop instead of a matrix multiply??



https://playground.tensorflow.org/

Common training issues

https://playground.tensorflow.org/
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Backprop
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Backprop

L(y, ̂y ) = y log( ̂y ) + (1 − y)log(1 − ̂y )

5

g(z) =
1

1 + e−z

a(1) = x
z(2) = Θ(1)a(1)

a(2) = g (z(2))

z(l+1) = Θ(l)a(l)

a(l+1) = g (z(l+1))
̂y = a(L+1)

…
…

a(l) = g(z(l))



Backprop

g(z) =
1

1 + e−z δ(l+1)
i =

∂L(y, ̂y )
∂z(l+1)

i

L(y, ̂y ) = y log( ̂y ) + (1 − y)log(1 − ̂y )

a(1) = x
z(2) = Θ(1)a(1)

a(2) = g (z(2))

z(l+1) = Θ(l)a(l)

a(l+1) = g (z(l+1))
̂y = a(L+1)

…
…

a(l) = g(z(l))
Θ(l)

i, j ← Θ(l)
i, j − η

∂L(y, ̂y )
∂Θ(l)

i, j

Train by Stochastic Gradient Descent:



Backprop

g(z) =
1

1 + e−z

∂L(y, ̂y )
∂Θ(l)

i, j
=

∂L(y, ̂y )
∂z(l+1)

i
⋅

∂z(l+1)
i

∂Θ(l)
i, j

=: δ(l+1)
i ⋅ a(l)

j

δ(l+1)
i =

∂L(y, ̂y )
∂z(l+1)

i

L(y, ̂y ) = y log( ̂y ) + (1 − y)log(1 − ̂y )

a(1) = x
z(2) = Θ(1)a(1)

a(2) = g (z(2))

z(l+1) = Θ(l)a(l)

a(l+1) = g (z(l+1))
̂y = a(L+1)

…
…

a(l) = g(z(l)) Θ(l)
i, j ← Θ(l)

i, j − η
∂L(y, ̂y )

∂Θ(l)
i, j

Train by Stochastic Gradient Descent:

# forward pass: activations before this node 
# backward pass: gradients ahead of this node



Backprop

a(1) = x
z(2) = Θ(1)a(1)

a(2) = g (z(2))

z(l+1) = Θ(l)a(l)

a(l+1) = g (z(l+1))
̂y = a(L+1)

…
…

g(z) =
1

1 + e−z

∂L(y, ̂y )
∂Θ(l)

i, j
=

∂L(y, ̂y )
∂z(l+1)

i
⋅

∂z(l+1)
i

∂Θ(l)
i, j

=: δ(l+1)
i ⋅ a(l)

j

δ(l+1)
i =

∂L(y, ̂y )
∂z(l+1)

i

δ(l)
i =

∂L(y, ̂y )
∂z(l)

i
= ∑

k

∂L(y, ̂y )
∂z(l+1)

k
⋅

∂z(l+1)
k

∂z(l)
i

L(y, ̂y ) = y log( ̂y ) + (1 − y)log(1 − ̂y )

a(l) = g(z(l))
z(l+1)
k = Θ(l)

ki a(l) = [Θ(l)
ki ]Tg(z(l))

∂z(l+1)
k

∂z(l)
i

= Θ(l)
ki g′￼(z(l)

i )



Backprop

a(1) = x
z(2) = Θ(1)a(1)

a(2) = g (z(2))

z(l+1) = Θ(l)a(l)

a(l+1) = g (z(l+1))
̂y = a(L+1)

…
…

g(z) =
1

1 + e−z

∂L(y, ̂y )
∂Θ(l)

i, j
=

∂L(y, ̂y )
∂z(l+1)

i
⋅

∂z(l+1)
i

∂Θ(l)
i, j

=: δ(l+1)
i ⋅ a(l)

j

δ(l+1)
i =

∂L(y, ̂y )
∂z(l+1)

i

δ(l)
i =

∂L(y, ̂y )
∂z(l)

i
= ∑

k

∂L(y, ̂y )
∂z(l+1)

k
⋅

∂z(l+1)
k

∂z(l)
i

= ∑
k

δ(l+1)
k ⋅ Θ(l)

k,i g′￼(z(l)
i )

= a(l)
i (1 − a(l)

i )∑
k

δ(l+1)
k ⋅ Θ(l)

k,i

L(y, ̂y ) = y log( ̂y ) + (1 − y)log(1 − ̂y )

a(l) = g(z(l))

# sigmoid derivative



Backprop

g(z) =
1

1 + e−z

∂L(y, ̂y )
∂Θ(l)

i, j
=

∂L(y, ̂y )
∂z(l+1)

i
⋅

∂z(l+1)
i

∂Θ(l)
i, j

=: δ(l+1)
i ⋅ a(l)

j

δ(l+1)
i =

∂L(y, ̂y )
∂z(l+1)

i

δ(l)
i = a(l)

i (1 − a(l)
i )∑

k

δ(l+1)
k ⋅ Θ(l)

k,i

L(y, ̂y ) = y log( ̂y ) + (1 − y)log(1 − ̂y )

a(1) = x
z(2) = Θ(1)a(1)

a(2) = g (z(2))

z(l+1) = Θ(l)a(l)

a(l+1) = g (z(l+1))
̂y = a(L+1)

…
…

a(l) = g(z(l))



Backprop

g(z) =
1

1 + e−z

∂L(y, ̂y )
∂Θ(l)

i, j
=

∂L(y, ̂y )
∂z(l+1)

i
⋅

∂z(l+1)
i

∂Θ(l)
i, j

=: δ(l+1)
i ⋅ a(l)

j

δ(l+1)
i =

∂L(y, ̂y )
∂z(l+1)

i

δ(L+1)
i =

∂L(y, ̂y )
∂z (L+1)

i
=

∂
∂z (L+1)

i
[y log(g(z(L+1))) + (1 − y)log(1 − g(z(L+1)))]

= y − g(z(L+1)) = y − a(L+1)

=
y

g(z(L+1))
g′￼(z(L+1)) −

1 − y
1 − g(z(L+1))

g′￼(z(L+1))

L(y, ̂y ) = y log( ̂y ) + (1 − y)log(1 − ̂y )

a(1) = x
z(2) = Θ(1)a(1)

a(2) = g (z(2))

z(l+1) = Θ(l)a(l)

a(l+1) = g (z(l+1))
̂y = a(L+1)

…
…

a(l) = g(z(l))

δ(l)
i = a(l)

i (1 − a(l)
i )∑

k

δ(l+1)
k ⋅ Θ(l)

k,i

# final layer



Backprop

g(z) =
1

1 + e−z

∂L(y, ̂y )
∂Θ(l)

i, j
=

∂L(y, ̂y )
∂z(l+1)

i
⋅

∂z(l+1)
i

∂Θ(l)
i, j

=: δ(l+1)
i ⋅ a(l)

j

δ(l+1)
i =

∂L(y, ̂y )
∂z(l+1)

i

δ(L+1) = y − a(L+1)

Recursive Algorithm!

L(y, ̂y ) = y log( ̂y ) + (1 − y)log(1 − ̂y )

a(1) = x
z(2) = Θ(1)a(1)

a(2) = g (z(2))

z(l+1) = Θ(l)a(l)

a(l+1) = g (z(l+1))
̂y = a(L+1)

…
…

a(l) = g(z(l))

δ(l)
i = a(l)

i (1 − a(l)
i )∑

k

δ(l+1)
k ⋅ Θ(l)

k,i



Backprop



Backpropaga1on'

44'

Given: training set {(x1, y1), . . . , (xn, yn)}
Initialize all ⇥

(l)
randomly (NOT to 0!)

Loop // each iteration is called an epoch

Set �
(l)
ij = 0 8l, i, j

For each training instance (xi, yi):
Set a(1) = xi

Compute {a(2), . . . ,a(L)} via forward propagation

Compute �(L)
= a(L) � yi

Compute errors {�(L�1), . . . , �(2)}
Compute gradients �

(l)
ij = �

(l)
ij + a(l)j �(l+1)

i

Compute avg regularized gradient D(l)
ij =

(
1
n�

(l)
ij + �⇥(l)

ij if j 6= 0

1
n�

(l)
ij otherwise

Update weights via gradient step ⇥
(l)
ij = ⇥

(l)
ij � ↵D(l)

ij
Until weights converge or max #epochs is reachedD(l) is'the'matrix'of'par1al'deriva1ves'of'J(Θ)'''

Based'on'slide'by'Andrew'Ng'
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1
n�

(l)
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(l)
ij � ↵D(l)

ij
Until weights converge or max #epochs is reached
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Loop // each iteration is called an epoch
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(Used'to'accumulate'gradient)'

Given: training set {(x1, y1), . . . , (xn, yn)}
Initialize all ⇥

(l)
randomly (NOT to 0!)

Loop // each iteration is called an epoch

Set �
(l)
ij = 0 8l, i, j

For each training instance (xi, yi):
Set a(1) = xi

Compute {a(2), . . . ,a(L)} via forward propagation

Compute �(L)
= a(L) � yi

Compute errors {�(L�1), . . . , �(2)}
Compute gradients �

(l)
ij = �

(l)
ij + a(l)j �(l+1)

i

Compute avg regularized gradient D(l)
ij =
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1
n�

(l)
ij + �⇥(l)

ij if j 6= 0

1
n�

(l)
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ij
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# derivative at last layer using loss



Autodiff

Backprop for this simple network architecture is a special 
case of reverse-mode auto-differentiation:

This is the special sauce in Tensorflow, PyTorch, Theano, …


